Solutions to the Exercises

in A Breviary of Seismic Tomography
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1

Preface

Solving exercises is essential to master a subject as coagdi as seismic to-
mography: it transforms the passive activity of readingttheébook into an active
learning process, provides feedback and deepens the tanuldirg.

Ideally, exercises are designed such that they are solvatdtegy the knowledge
gained, with more or less effort depending on the abilityhef student. However,
even a strong student may wish to check whether his solusi@orrect, whereas
a weaker student may at times give up on a difficult problenr. tikat reason we
provide elaborate solutions to the exercises lBreviary of Seismic Tomography.

The numbering of the following chapters is identical to thentering used in
Breviary.
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Ray theory for seismic waves

Exercise 21 See Fig. B2.2, let the angle of rotation ba. The change of,
alongy-direction is

Auy = ug(z,y + dy) — uz(x,y) = —dysina — 0 = —dy sin «.
The change ofi, alongz-direction is

Auy = uy(z 4+ dz,y) — uy(z,y) = drsina — 0 = dzsina.

Thus
Ouy, . Aug
oy dlleo d—y = —sinq, (2.1)
A
Ouy — lim % = sina. (2.2)

ox dz—0 dx

Adding (2.1) and (2.2) gives

Oug  Ouy
dy + Ox =0

By definition of strain tensor, we have

1 /0u, O
612:€:cy:§< - —i—ﬂ):O.

dy Oz

The above proof can be repeated for all permutations pt 1,2, 3. Therefore a
pure rotation gives rise te; = 0.

1 When numbers for figures or equations are preceded by a B #feyto figures/equations in A Breviary for
Seismic Tomography.
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g(x—cty (a) t=f

i X
glx-cty | | (b) t=t, +dt
< dx=cdt- -

Fig. 2.1. Functiong(z — ct) represents a propagating wave with velocityn the +z
direction.

X

Exercise 2.2 The inverse Fourier transform gives

p(t) = i/ P(w)e “idw.
2 J_
Inserting the conditiorP(w) = P(—w)*, we get
p(t) i/ P(—w)*e widy = _Qi/ P(—w)*e wid(—w).
7T —0o

T o oo

Letw = —w, then

o0 =5 | " Plw) e dw = p(t)*.

2 J_ o
Hencep(t) is real.
Exercise 2.3 Applying the chain rule of differentiation to any differeable func-
tion of the formg(z — ct) yields
orP , 0*°P 5,
ot -, 92 cg,

a_P 1 82P R/

81‘ _97 8.’E2 _g 9
whereg’ andg” are the first and second order derivatives with respect tautipe-
mentz — ct. Inserting (2.3) into (B2.19) we getg” = ?¢".

(2.3)

To see that the solution describes propagating waves, imadlgat at = ¢y, g(x —
ct) represents a wave as shown in Figure 2.1at Att, + dt, the argument — ct
will remain unchanged if the distanaeincreases by € = cdt, and thus the shape
of function g(xz — ct) will remain the same (Figure 2.1b). Therefoigx — ct)
describes a wave propagating with velocity/dt = c in the 4+ direction.
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Wavefront P=R
attime § +dt

Wavefront P=R
attime §

Fig. 2.2. Equation (2.4) describes a plane wave propagafithigrelocity c in the direction
of n.

Exercise 2.4 Applying the chain rule of differentiation to any differeéaible func-
tion of the form

P(x,y,2,t) = g(ngz + nyy + n.z — ct) = g(n - r —ct) (2.4)
yields
OP , o’p
a0 = g =
OP 0*P
% = nx9/> W = nigﬂ>
OP , 0P 9 1
ay oy T
oP o’p
E = nz9/7 w = ”29”§ (2.5)

whereg’ andg” are the first and second order derivatives with respect tauipe-
mentn - r — ct. Inserting (2.5) into the 3-D wave equation (B2.12) withatdorce
(such that it is a propagating wave), we obtain

A (n2 + nZ +n?)g" =g
Sincen? + n2 + n? = 1 (n is a unit vector), the above equation is always true.
Thus, (2.4) always satisfies the 3-D wave equation (B2.12).

A wavefront is a surface of constant pressufe=£ F, in Figure 2.2). A constant
argument of functiory

n - r — ct = constant (2.6)
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therefore guarantees constdnt At time ¢t = ¢, (2.6) represents a plane with its
normal vector being, because all the points in this plane have the same value of
n - r (Figure 2.2). Attimet = ty + dt, (2.6) remains the same constant if the
position change « satisfies @& - n = cdt, and the simplest case i3 d= cdtn.
Therefore, (2.4) describes a plane wave propagating wlitititg dr /dt = c in the
direction ofn. (It can also propagate in other directions representedrtsodong

as d- - n = cdt is satisfied.)

Exercise 2.5 Applying the chain rule of differentiation to any differeaible func-
tion of the formP(r, t) = 1g(t — r/c) yields

oP 1 1,1 11,

/—__ —_——
or T29+7’( c)g TR T Y
PP 2 1, 1., 1, 1., 1,1, 2 2, 1,
o =t Tl Tl m B0 = et e e

o 1, o°P 1,
L = C 2.7
ot e T Y 2.7)
whereg’ andg” are the first and second order derivatives with respect tautipe-
mentt — r/c. Inserting (2.7) into (B2.18), we obtain
2 2 1 2 1 1 1 1 0?P
V2P:— v/ v/ S ) S .
7“3g+ er2? * 29 * 'r( 29 crg) 29 c2 ot?
This describes a spherical wave. Its wavefront is a sphergezkatr = 0 and
expanding with velocity d/dt = ¢. Energy on the wavefront must be conserved.
Since the energy per unit area is proportionalfe¢?, and the area of the wavefront
is 4712, conservation of energy requirgB|? - 4772 to be constant. Hence we must
have|P| « 1/r, i.e. the pressure amplitud®| has to diminish as/r to conserve
energy.

For a wave in a two-dimensional membrane, the wave front igcecand its
perimeter i27r. Conservation of energy requirég|? - 27 to be constant, so the
amplitude| P| diminishes ad //(r).

Exercise 2.6 The definition of the slowness vectpiis
1dr
b= cds’
where @ is a tangent vector of lengthsdalong the ray. Sincerd= (dz, dy, dz),
(2.8) becomes

(2.8)

1 /dx dy dz 1
b <$7£7£> (71772773)7 (29)

C C
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i.e., the elements gb are equal to the direction cosines of the ray path scaled
by 1/c. Equation (2.9) gives the physical meaning of the slownessovp: its
direction is the ray path direction, and its magnitude isaédpithe slowness.

Exercise 2.7 By definition, the magnitude of the cross product is
[r x p| = |r||p|sin{r, p) (2.10)

where(r, p) represents the angle betweeandp. In a spherical earth, this is the
incidence anglé. We also haver| = r and|p| = 1/c (see 2.9), so that (2.10)
becomes

|r x p| =rsini/c.

Exercise 2.8 The spherical slowness is defined in (B2.33) as

rsing

C

At first sight, therefore, it would seem that the unit for tigherical slowness is
m
[p] - m—/s =5

which is a unit of time, not slowness (inverse velocity)! Hawgr, we are analysing
a wave that travels over an angle and when angles are inyawedshould always
check if the result depends on the unit of the angle — if softrses us to specify
the angle in its Sl unit, the radian Angles are ‘fractions’ of a circle, inherently
dimensionless, and they do not always show up in a dimensialysis as we just
did. A look at (B2.32) shows thain ¢ originated from the ratio betweert¢ and
ds, whererdg has unit of length and heremust therefore be expressed in m/rad,
forcing (B2.33) to givep explicitly in s/rad. A different and more direct approach
usesp = d7T'/dA, to give the same result:

and upon reflection this must be the correct unit, since aggagon over an angle
is added that provides the missing unit to make it a slowness.

For an earth with surface radius= 6371 km, 673 s/rad corresponds to a surface
distance ofrA = r/p = 6371/673 ~ 10 km travelled in one second. Thus, the
ray’s apparent surface velocity is 10 km/s.

1 A good discussion of this principle can be found in G.J. Achteet al., The Radian — That Troublesome
Unit, The Physics Teachesl, 84-87, 1993: the radian is a ‘supplementary’ unit in thet8y® International
d’Unités (Sl). When Sl units are consistently used in a falamno conversion factors are needed to obtain the
correct numerical values. For example when we wsiies ~ 7 for small:, we express in radians. Degree
is not an Sl unit; if we decide to expregsin degrees, we could expregsn s/deg, but (B2.33) would then
need a conversion factor if thirmimerical value ofp is used in it to find.
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(b) \‘j/
3 i=Tt /2

Fig. 2.3. The ray’s bottoming point & «/2) in: (a) a spherically symmetric earth; (b) a
horizontally layered medium.

Exercise 29 In a spherically symmetric eartlp, = rsini/c. The special case
p = r/c occurs when the incidence angle- 7/2. This is the point where the ray
bottoms, and the ray path is perpendicular to the vertigaktion (Figure 2.3a).

Note: in a horizontally layered medium (Figure 2.3b), thg &so bottoms at
the point ofi = w/2. The horizontal slowness at the bottoming poinpjs =
sin(m/2)/c = 1/ec.

Exercise 2.10 From (B2.35) and the chain rule of differentiation, we have

d_(b % _1_ 1 tani
dr do ~ rcoti r

di di d¢ der tan ¢ [ dec 1

Exercise2.11 From (B2.32)

ar- % _ o

c ccosi

(2.12)

From (B2.33)

sini = pe/r,

cosi = /1 —sin?i = /1 — p2c2/r2. (2.13)
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Inserting (2.13) into (2.12)

dr
a7 = ——,
/1-p23)r?
and hence
T()—/dT—/L (2.14)
P /1 —p22/r? '
From (2.13)
. sing pe/r B 1
tani = ol N = N R (2.15)
From (2.11), & = tani dr/r. Inserting (2.15), we get
. dr
d¢ = tan? d?“/?” = W
Epicentral distancé\ is the integral ofi¢:
A = [ao= [ e (2.16)
P rr2/p2c2 —1 '

Exercise 2.12 For a ray from an earthquake at deptho a surface station, the
travel time in (2.14) can be expressed as a sum of two integaale is from the
bottoming point to the earthquake at a radius= a — h; the other is from the
bottoming point to the earth’s surface. Therefore

T )_/a_h dr +/“ dr
b b e /1—p22/r2 o e /1—p22/r?

Exercise 2.13 According to (B2.44), the direction of displacement of s&is
waves is the direction of the amplitude vectdr On the other handr(r) =
constant defines the wavefront, so its gradievit- defines the ray direction (per-
pendicular to the wavefront surface). Equation (B2.46)liegpthatA is perpen-
dicular to V7 for S waves, so the direction of displacement of a S wave is per
pendicular to the ray direction. From (B2.46) the S wave eigyas Vi = /11/p,
independent of its polarization (the direction.A4j.

Exercise 2.14 Sincer(r) = constant defines the wavefront, its gradieRtr
defines the ray direction. (B2.45) says thtis parallel toVr for P waves, so
the direction of displacement of a P wave is parallel to thyedigection. There is
therefore only one polarization direction for P waves: thg direction.
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Exercise 2.15 In a non-viscous fluid, (B2.45) and (B2.46) become:

%:v)\/,‘/;zo

The acoustic wave velocity is = /x/p (B2.13) where the bulk modulus =
A+ %u- For fluids,u = 0, sok = A, and the acoustic velocity becomes

e = iTp = \/Np =V

Therefore, acoustic waves are P waves in a non-viscous #mid, there is no S
wave in a non-viscous fluidf = 0).

Exercise 2.16 The elastic wave equation in an isotropic, homogeneouh eart

0%u; 0% 0%u;
L = A J oy 2.17

J

We use (B2.10) to define the relationship between displaceared pressure, and
applying this to the first term on the r.h.s. of (2.17) yields

— =+ M)c‘)xi (—;) + Zj:ua—x? (2.18)
Taking the divergence of (2.18) and again using (B2.10), g&te g

0? P 0? P 0? P

J

Multiplying (2.19) by—« (constant for a homogeneous earth) and merging the two
terms on the right

0*P 0?pP 5
P = ;()\ + 2’”‘)8—3;3 = (A +2u)V2P. (2.20)
Rewriting (2.20) as
0’P L,
wherec = /(A + 2u)/p. (2.21) is a 1-D wave equation in homogeneous media

with velocity c. Thus, pressuré’ satisfies the wave equation and propagates with

the P wave velocitye = /(A + 2u)/p = V).

Exercise 2.17 Consider a plane wave. Since a cube is flattened by the paskage
a P wave, it does not maintain its shape. Nor does a sphehieliliis the case of a
spherical wave (it is thinned or thickened).
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Ray tracing

Exercise 3.1  Figure 3.1 shows the graph with letter for each node. Folgwi
the shortest path algorithm gives the following steps:

(i) SetQ ={A(T4 =0),B,C,D(Tp =Tc =Tp = o0)}. SetP is empty.
(i) Choose nodes = A, sinceTy is the smallest in se®. The forward star
of node A in set Q includes nodesB and D. Update the travel times
and ray paths for node® and D: Tp = min{Tp,T4 + ATsp} =
min{oco,0 + 3} = 3, ray path AB; Tp = min{Tp, T4 + ATap} =
min{oo,0 + 1} = 1, ray path AD. Move node A from seQ to setP.
Now set Q@ = {B (Ip = 3, ray path AB); C (Ic = o0); D (ITp =
1, ray path AD)},set P ={A (T4 =0)}.
(iif) Choose nodes = D, sinceTp is the smallest in sef. The forward star
of node D in set Q includes nodesB and C. Update the travel times
and ray paths for node® and C: Tp = min{1p,Tp + ATpp} =

C

D

Fig. 3.1. Simple graph for the shortest path method.

14



Ray tracing 15
subroutine shpath(is,tt, prec,h,q, np)

di mension tt(np), prec (np), h(np), q(np)
di nensi on fs(1000), fsd(1000)

integer prec ,h,q,fs,fsv,u,v

data rinf/1.0e30/

do i=1,np I put all nodes in set Q
prec(i)=is
tt(i)=rinf
h(i)=-1
q(i)=-1
end do
tt(is)=0.0 I step (i)
q(l)=is ! nove source into the heap (set Qwith t<inf)
h(is)=1
ig=1
do while (iqg.gt.0) I step (ii)
u=q( 1) I step (v)
h(aq(iaq))=1
h(u)=-1
a( 1) =q(i q)
9(i 9) =1
ig=ig-1
k=1
call cheap(iqg,k,tt,h,q,np) I step (iii)
call forstar(u,np,fs,fsd,nf)
do v=1, nf
fsv=fs(v)
z=fsd(v) +tt (u)
if (z.1t.tt(fsv)) then
tt(fsv)=z I step (iv)
prec(fsv)=u
k=h(fsv)
if (k.le.0) then
ig=iq+l
k=i q
h(fsv)=iq
q(iq) =fsv
endi f
call cheap(iq,k,tt,h,g,np) ! step (iii)
endi f
enddo
enddo I step (vi)
return
end

Fig. 3.2. Subroutinshpat h with steps identified.

min{3,1 + 1} = 2, ray path ADB; T¢ = min{T¢,Tp + ATpc} =
min{oo,1 + 7} = 8, ray path ADC. Move node D from seD to setP.
Nowset Q = {B (T = 2, ray path ADB); C (T¢ = 8, ray path ADC)},
set P={A (Ta=0); D (Tp =1, ray path AD)}.

(iv) Choose node = B, sincelx is the smallest in sef. The forward star
of node B in set Q includes nodeC'. Update the travel time and ray



16

Ray tracing

programtstsp

! test shpath on 1010 ' Streets of New York’' node
! output:

I "tt.xy': tine plot file for GJI

! "ray.xy’: ray plot file for GUI

di mensi on tt(100)

i nt eger prec(100), h(100), q(100)

np=100

i s=55 | source at center
call shpath(is,tt,prec,h,q,np)

n=0

open(1,file="tt.xy") I tinme plot file for GJI
open(2,file="ray.xy’) ! ray plot file for GVI
do j=1,10 ! j=y coordinate
!
!

do i=1, 10 i =x coordi nate
n=n+1 i ndex of node (i,j)
wite(l,*) i,j,tt(n)
wite(2,*) i,]
j prec=(prec(n)-1)/10+1 ! j of preceding ray node
i prec=prec(n)-10+(jprec-1) ! i of preceding ray node

wite(2,*) iprec,jprec
wite(2,fnt="(a)’) '>
enddo
enddo
cl ose(1)
cl ose(2)
end

Fig. 3.3. Fortran program that calls subroutstepat h for a10 x 10 2-D homogeneous
model with a source at nods, 6).

v)

(Vi)

path for nodeC: T¢ = min{T¢,Tp + ATgc} = min{8,2 + 3} =
5, ray path ADBC. Move node B from set) to setP. Now set Q =
{C (Tc = 5, ray path ADBC)},set P = {A (T4 =0); B (Tg = 2,
ray path ADB); D (Tp = 1, ray path AD)}.

Choose node = C, sinceTc is the smallest (the only node) in sét
There is no forward star of nod€ and no travel time to update. Move
node C from seQ to setP. Now set Q is empty, set P = {A (T4 =
0); B (Tg = 2, ray path ADB); C (T = 5, ray path ADBC);
D (Tp = 1, ray path AD)}.

Since setQ is empty, stop. The final sg® gives the travel times and ray
paths from noded to the other three nodes.

Exercise 3.2 In shpat h, the heaph contains alli g nodes with a provisional
travel time less than the initial (infinite) time; the top betheap has the node with
the shortest time and is removed from the heap (intdsethich is not explicitly
identified inshpat h). The steps are identified in Figure 3.2.
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Fig. 3.4. Ray paths from the source no@e6) to all other nodes for 40 x 10 2-D
homogeneous model.

10

©

Fig. 3.5. Contour of the relative travel time errors (in part) for rays in Figure 3.4.

Exercise 3.3 Figure 3.3 gives the Fortran program that calls subroutiath for
al0 x 10 2-D homogeneous model with a source at n(&e).

Figure 3.4 shows the ray paths from the source node to alt atiges in this model.
The theoretical ray paths are straight lines but this is aolyectly computed for
nodes in four directions (taking the source node as thergridi-S, E-W, NW-ES,
and NE-SW. For other nodes, the ray paths are longer tharm#uedtical straight
line paths, and so yield longer travel times.

Figure 3.5 shows the contour of the relative travel time mstr&imilar to the rays
in Figure 3.4, there are 4 directions of zero travel time erid-S, E-W, NW-ES,
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Fig. 3.6. The same as Figure 3.4, except that subrotitimest ar is extended to include
one more row/column on each side of the source node.

and NE-SW. Between these 4 directions, the relative trawet error gradually
increases, and the maximum error is reached in the middiedaet two adjacent
zero error directions. The maximum relative error is abd¥it 8

Exercise3.4 To extend thé or st ar subroutine to include one more row/column
on each side of the source node, we only need to change lingS f¥subroutine
f or st ar to:

do jj = max(1,j-1), mn(n,]j+1)
doii = max(1,i-1), mn(n,i+1)

Figure 3.6 shows the ray paths from the source node to alf atbdes in this
model. Compared with the rays in Figure 3.4 (computed witimalker forward
star), there are more straight line paths and there are maredne shortest path to
some nodes in Figure 3.6.

Figure 3.7 shows the contour of the relative travel time rstré\gain we take the
source nodé5, 6) as the origin and compare it with Figure 3.5. It is clear that t
overall error level drops because the forward star now thetumore nodes and thus
provides shorter paths, with the maximum relative error wiy@®.5%. There are
also more zero error nodes. Besides the 4 directions of zewo &-S, E-W, NW-
ES, NE-SW), the zero error region in the centre expands ttatiger forward star
of the origin, and there are 8 more zero error nodes at theecsi(e.g. nodes (2,3)
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0.015

0.005

Fig. 3.7. The same as Figure 3.5, except that subrotitimest ar is extended to include
one more row/column on each side of the source node.

and (2,7)). The maximum error region moves towards the NeBE&hV directions.

Exercise 3.5 For a velocity increasing linearly with column number (i) =
1+ (i —1)/9, the adapted or st ar subroutine is shown in Figure 3.8.

Figure 3.9 shows the ray paths from the source node to alf atbdes in this
model. It's different from Figure 3.6 in that there is onlyeoghortest time path for
each node, because the velocity is no longer homogeneoss ti#d ray path is no
longer symmetric about = 5 because the velocity is no longer symmetric about
i = 5. The rays do not represent the reflection or transmissiomwetr when
they encounter a velocity boundary, which suggests thashloetest path method
is not very accurate.
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subroutine forstar(u,np,fs,fsd,nf)

! exanple for square 2-D nmediumwi th node spacing 1

! velocity increases linearly with i (columm nunber)

I fromv=1 at i=1to v=2 at i=10

! input: node u, dinmension n=sqrt(np)

! output: fsd(i) is he travel tinme between u and fs(i), i=1,...,nf

di nensi on fs(1000), fsd(1000)
integer u,fs

n=sqrt (0. 001+np)

j=(u-1)/n+1 ! row nunber of node u in the square grid
i=u-n*(j-1) I col um nunber

vu = 1. + (i-1.)/9. ! velocity at node u

nf =0

do jj=max(1,j-2),mn(n,j+2)
do ii=max(1,i-2),mn(n,i+2)
ds=sqrt (0. +(ii-i)**2+(jj-j)**2) ! distance (ii,jj) tou
if(ds.gt.0.) then

vii = 1. + (ii-1.)/9.
vel oci ty=(vu+vii)/2. | average velocity between (ii,jj) and u
nf =nf +1
i f(nf.gt.1000) stop ’'dinmension of fs exceeded’
fs(nf)=(jj-1)*n+ii I sequential index of node (ii,jj)
fsd(nf)=ds/velocity
endi f
enddo
enddo
return

end

Fig. 3.8. Adapted or st ar subroutine for a velocity increasing linearly with the coin
number.

Fig. 3.9. Ray paths for a velocity increasing linearly witiuonn number. The source is
at node(5, 6). The forward star is the same as in Exercise 3.4.
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Exercise 3.6 To simplify expressions, we uge= /1 — ¢2(p? + p3), noting that
f =1ando;f = 0on the ray wherg; = p, = 0.
(@) oH = —0;(01/0s) = —0(0;7)/0s = 0, sinced;m = 0 independent of
along the ray. Therefore 0\H = 01(hf/c) = 01(h/c)f = 0o0rdi(h/c) = 0.
(b) h =1 — Kq; = 1 onthe ray wherg;, = 0.
(c) Differentiating the expression (B3.5) fot:
(hdic — cdih)[L — ¢*(p + p3)] + he*d;c(pi + p3)
2f
ho;c — Calh[l — 62(])% -l-p%)]
c2f

(d)OoH/Op; = —0(hf/c)/Op; = hep;/ f, which is zero on the ray becausg= 0.
(e) Since the first derivatives 61 are zero, the second-order Taylor expansion is
(summing over andj = 1,2 is implied):
1827—[2_’_ aQH . +182—H2
2 0q? % 9qi0p; @bj T 5 op? Pi
The derivatives in the above equation are on the ray and a&sbsugonstant, so that
for exampledH /Opy = (0*H/0pr0q;)q; + (0*H/Op3)pk, Which is zero on the
ray whereg; andp; are zero.
(f) From (c): vH = (hdrc—cf?01h)/c* f. Onthe ray, wher¢ = 1 andd; f = 0:

827'( . hauc — cE)Hh . h@lc — 681h2

0@ c? c?
The second term is zero because of the result proven in (afe8i= 1 — Kq,
the second-order derivativl; 4 = 0. Therefored;y H = d11¢/c>.

O =

H ~ H(0,0,0,0) +

816

Exercise 3.7 This follows from a first-order Taylor expansion:

2 2 2 2 2 2 2
:W—xﬂ/:z\/lﬁ +y %E<1+x +y)

-
c c 22 c 222

From this: Hy; = 0?7/0x% = 1/zc, andHys = 1/zc. Close to the axis ~ s, SO
H~1rI.
CS

Exercise 3.8 dP/ds = (dH/ds)Q + H(dQ/ds) = (—c'V — cH?)Q +
cH?’Q = —c %V
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Wave scattering

Exercise 4.1 From (B2.48) follows that the diameter of Fresnel zon€,ig. =
VAL. The wavenumbek equals27/\. Then

max

AL XN4L  2XL  2d;

ka? 2w a? 7w a? ma?

Exercise 4.2 Since scattered waves aagded to an incoming wavefield that
remains unaffected, energy increases in the Born apprdiimand is not con-
served.

Exercise 4.3 Even though there is no multiple scattering in this casergnis
not conserved so the result is not exact.

Exercise 4.4 In equation (B4.15), the last two terms on the right hand sigee-
sent the far-field response, because the amplitude desraase!. If the source
time functionM(t) = 6(t), then the Fourier transform
+OO . . . .
Mjk(t o T’/Vp)elwtdt — elwr/Vp _ elkp?“’

— 00

+oo | . . .
Mgt — r/Vg)e“tdt = e«r/Vs = oiks7,
— o
so that the Fourier spectrum of the far-field response is

j ViViVe kpr ViV T 0ij  ikpr
0pGI* (r, 7' w) = IR ethpt - U, elRPT )
kG ) ]Zk: 4mpVir 47TpV§’T T

22
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If M is ad -function, M itself is the Heaviside functioh(t) = [ 6(t —t')dt’, with
a spectrum/w = —1/iw (see B2.66), which explains the extra facfeaw

Exercise4.5 In (B4.16), the first term is the dot product of (B4.10) withoade f .
SinceV'G is the gradiendG? / 0z}, we recognize the contraction (B4.13) summed
over all moment tensor elements;;, in the second term.

Exercise4.6 Since the far field term contains the time derivativélofit is weaker
for signals in which the low frequencies are dominant (défdiation in the time
domain is equivalent to multiplication withiw in the frequency domain). In the
near field term, the Heaviside function will give a contribut

[
Tdr = — | =5 — |,
Ve 2\V§ Vp

and displacements only damp as? rather than the-—* in the denominator of
(B4.15). Note also that both the near- and intermediategdead to a permanent
offset, whereas the far field signal is transient. Whethearairone can ignore the
near field terms is therefore dependent on the frequencyterfast.

Exercise 4.7 A unit force in thez-direction can be expressed with a Kronecker
delta asf;(t) = f.(t)d;3. Dotting (B4.9) with this gives

Yt = Yo Ly~ o)is [ rhelt 7)o
i r7t 1 = ’Y’L’Y .. . / T 2 t_T T
- J 47rp J 1j)Y53 Vo
1 1
+ pV2r ————7i053f-(t —r/Vp) — W(Vﬂj —0i5)03f(t —7/Vs)
1 r/Vs
— G =) [ rh(e- s
’ﬂ'p r/Ve
1 1
- TV ———iV3f:(t —7/Vp) 47rpV52r(7 v3 — diz) f-(t —1/Vs). (4.1)

For the component in thedirection we must dot (4.1) with the unit vector , v2,v3) =
(cos ¢ sin B, sin ¢ sin 0, cos #) in ther-direction to get

1 r/Vs
Z Gl = 533 =) / Tfo(t —T)dr
r/Ve
1 1
+ W%fz( —r/Vp) — 4ﬁpVSQT(V3 —y3)f(t —7/Vs)

dmpr r/Ve P

r/Vs
— cos ¢ [r_Q / Tf.(t —71)dr + %fz(t —r/Ve)| . (4.2)
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At arbitrary ¢, thed-direction is given by a vectdios ¢ cos 6, sin ¢ cos 6, — sin 6).
We can ease the algebra by recognizing that the expressiag foust be indepen-
dent of¢ because of spherical symmetry. Choosing 0, such that~y;,v2,73) =
(sin®, 0, cos #). We must dot (4.1) with the unit vectetos 6,0, — sin 0):

1 r/Vs
Uy = — (38111900829 —3sin900820+sin9)/ Tf.(t — T)dr

4 pr Ve

+ W(sin@cos2 6 — sin 0 cos? 0)f.(t —r/Vp)
TpVer

- W(sin@cos2 6 — sin @ cos? 6 + sin @) f.(t — r/Vs)
mpVgr
sing |1 [7/Vs 1

B r 2t =) — Z falt =1/ & 4.3
4ﬂprlr2/r/vp Tf(t —T)dr VSQf( r/Vs) (4.3)

For f.(t) = (t):

"/Vs r/Vs . <t <
/ sz(t_T)dT:/ Té(t—T)dT: { t |f T/Vp.ftir/VS ‘
r/Ve r/Ve 0 otherwise

Inserting the above equation into (4.2) and (4.3):

cosf |2t 1 . ) i<
UT(T,t) = 4mpr |:r2 + vgé(t T‘/Vp)] if T/VP'_ t < T/VS ;
0 otherwise

sing [t 1 g : e
ug(r,t) = ¢ A [T2 ngé(t T/VS)] if "”/VP. <t<r/Vg .
0 otherwise

Figure 4.1 sketches the behaviourwgf anduy with time, with their amplitude
decreasing rates denoted.

Whenf.(t) = H(¢):
ACRE IR PR

it t > r/Vs
ift<7’/VS ’

O =

f(t=7/Vs)=H(t—1r/Vs) = {
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Ug

Fig. 4.1. Diagram o, anduy of a pulse sourcé, (t) = d(t).

r/Vs r/Vs
/ Tf.(t —7)dr = / TH(t —7)dr

/VP T/VP
0 if t < ’I"/VP
) P =4 (2-g)  frVe<t<e/Vs
[TV rdr = 7 (VLSQ - v%z) if ¢t >r/Vs

Inserting this into (4.2) and (4.3) gives

0 if t < T/Vp
up(rt) =4 G ifr/Ve <t <r/Vs |
4;;%352 if t >r/Vs
0 if ¢t < T‘/Vp
wplrt) = | 25 (P- &) itV <t<r/Vs
gt (L L) it r/Vy

Figure 4.2 sketches the behaviourwgf anduy with time, with their amplitude
decreasing rates denoted. The Heaviside function kickétén a= r/Vp for u,
(H(t—r/Vp)), which corresponds to far field P waves and again aften-/Vs for
ug (H(t—r/Vg)), which corresponds to far field S waves. The parabolic biebav
of bothu,- andug corresponds to near field waves. It does not have a distirtst pu

arrival, but extends between time&/p andt/Vs, and it cannot be identified with
pure P or S waves motion.
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-1

0 Ve N t

0 Np N t
1

Fig. 4.2. Diagram of., anduy of a Heaviside sourcg. (t) = H(t).

Exercise 4.8 Thei-th element ol - Vv is

d aGg'
ZGZ o, Z

GJ
Ox;j oz, (VG — 83:j
Using vector notation the above equation can be written as

G-Vo=V-(vG) —vV - G.

/G'Vvd?’ ':/V-('L)G)d?’ /—/’L)V'GdgT/.

Exercise 4.9 The component of scattered S wave in thdirection is (see Figure
B4.4)

Therefore

(5u(1;5 = —6ufs sin ¢ + 5u55 COS . (4.4)

The expressions afu!’® are

k,QGik’sr 6p 26MV

PS _ 87 _” _ _ S o 2 X

(Sug; - |:p ( 2 'Y:c’)/z) —,UVP (5333’)/3 ’)/$')/Z):| ;
subs = K 005 ) BV )

Y T 4ar D yz — VyVz WVp yzVz = YyVz )| -

Notice thaty, = sin cos ¢, vy, = sinfsin¢, v, = cos §, then

2 . iksr
kze's

2
5';‘/5 sin @ cos® 6 cos (;5) ;. (4.5)

oul’d =

1)
<__p sin 6 cos 0 cos ¢ +
4rr P
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2 kst 2
(5u55 _ ke <_6_p sin 6 cos 0 sin ¢ + OnVs sin0c0s20s1n¢> . (4.6)
47y 0 uVp

Inserting (4.5) and (4.6) into (4.4), we get
(5u£5 =0,
i.e. the scattered S-wave is fully in the meridian plane.

Exercise 4.10

(i) For scatteresp, sul’t’ o« cos, dul™  sin6, so that
oulf = 0at 0 = 7/2; |6ul’F|is maximum at 6 = 0, ;

oub® =0at @ =0,m; [du)”|is maximum at § = 7 /2.

(i) For scatterers), sul’ oc 1, 6u}® = 0. The amplitude of the scattered
P wave is the same for all scattering angles. There is noesedtS wave
(Vs = /1u/p, so that S wave cannot ‘see’ the scattevgy.

(i) For scatteremy, sul’” o cos? 0, dul o sin 26, so that

5ufP:Oat0:7r/2; |(5u,{3P|iS maximum at 6 = 0, 7;

Sub® =0at 0 =0,7/2,m; [ou}|is maximum at 6 = 7 /4, 37 /4.

Exercise4.11

(a) The incoming S wave is of the form, = e'*s* u, = u, = 0. The far-field
Green'’s function of S wave excited by a force in thdirection atr’ follows from
(B4.10):

Yivk — ik ik
GF(r, v w) = -5 __elksT
i( ) 4mpVar

wherer = |r — r'|. Usingd;r = —v;, we find:

(V) = Oug/0x; = Sppd,ikselsT,

V-u= Zauk/axk :0,
k

ok ViV — Ok, oar
(VG)zk] = 8GZ /8ZCJ ~ —Wlk‘sfyje S

9

YiVk — Oik. ikar
V-G) =) 0GIjdmp~ =) ik ST =,
( ) - z/ Lk - 47TpV5217“ 1KSs7Yk€
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where the &’ indicates that we ignore terms 6f(r—2).

(b) From (B4.25), ignoring the integration since we deahwgbint scatterers:

ou; = Z w%pruk,
k

whereu,, is the incoming S wave. To derive the expressionsiat® we must use
the Green’s function for a S wave, and to obtain th@omponent we dofu; with
7; 0 find

1-1

eiksr -0
47TpV52r

ous® = —w?sp

(note that the factor’*s*" = 1 sincez’ = 0 at the scatterer by choice of the
coordinate origin at the scatterer). Using the Green’s tioncfor a scattered P
wave and the same procedure we obtain

suST = W26 p— Y oikpr
" p47TpVIgT

and usey, = sin ¢sin 6.
(c) The term in (B4.25) with \ is
suf® = = " 50u;0,GY,
kj
which is 0 because of the zero divergence established in (a).
(d) The term in (B4.25) witld . is
oup® = = " opdGFduk + O
ik
Substituting the Green'’s function for the scattered S waefnds
]{:2

k S
0;G710juk + Ouj] = “dmpVEr (Vivk = Oik) (Oky vz + Ok=vy)
k%
= - 471'/)‘/:527‘ (’Yi’Yy’Yz + ViV Yy — 5iy’Yz - 5iz7y)7

and substitution ofy,,vy,7-) = (cos ¢ sin 0, sin ¢ sin 6, cos 6) yields the requested
result. The unit vectors needed to derive the individual ponents are:

é, = (cos ¢sinf,sin ¢psin @, cos ),
€y = (—sin ¢, cos ¢,0),

ép = (cos ¢ cos b, sin ¢ cos b, —sinf).
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(e) As in (b) and (d), but now using the expression of the Gsefimction for the
scattered P wave.

(f) The expressions follow after dotting the results witle tame unit vectors as
given in (d).
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Amplitudes of body waves

Exercise5.1 Letthe solution of (B5.3) be(t) = e, theni(t) = —se™%t, i(t) =
s?e~*!, Inserting them into (B5.3), we get

s — 2ys +wj = 0.

The solution of this quadratic equation és= % (27 + \/4~2 — 4w§) = v+

V7?2 — wi. Usuallyy < wp, SOs = 7 + iwy, wherew; = \/wi —~? > 0. The
solution is

x(t) = exp [—(y £ iw1)t] = exp (Fiwit — i)

Exercise 5.2 Figure 5.1 compares the try& (w)| and the approximation by
(B5.5) for differenty, with w; = 10 rad/s. Herev is between 0.3 rad/s and 30 rad/s,
corresponding to a period between 0.2 s and 20 s. Itis claathk approximation
is equal to the true value at = wy, and becomes worse asmoves further away
from w1y, the natural frequency of the oscillator. The approxintaigbetter at high
frequencies than at low frequencies. Agdamping) increases, the height of the
peak decreases.

Exercise 5.3 The amplitude of a wave decreaseseap (—wt/2@Q), so for the
same(, the high-frequency wave damps out faster with time. Thiplies that
with increasing travel time (distance), the seismogranesnaore and more dom-
inated by low-frequency waves, and the high-frequency wdecome more and
more difficult to observe.

Exercise 5.4 Dimensionless.

30
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v=02 ¥=0.4

0.8 08

3506 3 06

1X(w)
IX(w)

0.4 04

0.2 02

X(@)

10 20 10 20
 (radls)  (radls) (radis)

Fig. 5.1. Comparison of the true and approximate spectrdiffarent-.

Exercise 5.5 The wave amplitude damps away @ (—kz/2Qx). Sincek =
27/, the shorter-wavelength wave (higher-frequency wdve, ¢/\) has a larger
wave numbek, and thus damps away faster with distance

Exercise 5.6 If a wave has an amplitudd « exp(—kz/2Qx), its energy de-
creases a& o A? « exp(—kz/Qx). Then &&/dx = —kE/Qx, and the energy
loss in one wavelength d= \ = 27 /k) IS AE = | — kEdz/Qx| = 27E/Qx .
Thus another definition of)x is Qx = 27E/AE, and27/Qx describes the
relative energy loss per wavelength.

Exercise 5.7 For P waves:

wpl/?

Y o .
k= L@) ¥ %mw)] [(Rel) + $Re()) + i(Im(s) + Im(z))]172

When|im(x)| < |Re(r)| and]im(u)| < [Re(y)]:

NI

kp

wpl/? [1 i(Im(x) + %Im(u))] -
[Re(x) + Re(p)]1/? Re(r) + 2Re(y1)

~ wpll? [1 _ilm(s) + %Im(u)]

"~ [Re(k) + $Re(w)]/2 | 2Re(k) + sRe(p) | |
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Then from (B5.11):

Re(kp) _ Re(x) + iReln)

P — —_
@x = 2im(kp) ~ Im(k) + 2Im(p)’
For S waves:
A [LF_ wp'/?
STVs Y@ T Re(p) +im(u)]2

When|Im(u)] < |Re(s)l:

wpl/?

[Re(12)] /2
Then from (B5.11):

b .Imm)}—%  wp/? [1 B Im(u)] |

[1 “Rew)] T TReZ | 2Rep)

QS _ Re(kS) N_Re(:u)
X = oimks) " ima)

In the derivation above, we assume that(x)| < |[Re(x)| and|Im(u)| < |Re(w)|,
which indicates tha@% > 1 andQ% > 1. SinceQx = 2nE/AFE (see Exer-
cise 5.6), wher@\ F is the energy loss in one wavelengthy > 1 simply means
AFE < E. Therefore the assumption we have made is consistent vétgeheral
conditionAF <« F.

Exercise 5.8 From (B5.12) and (B5.13) and the assumption thatdy 0:

Q% _ 3Re(k) + 3Re(y)
Q5 4 Re(1)

(5.1)

Because
1/2

Ve _ [(Re(r) + 5Re(w))/p]'/* _ | Re(r) + zRe(p)
Re()

Vs [Re(1)/p]'/?

whereVp, Vs represent the real part of the velocity, which describesviage
propagation velocity and have nothing to do with intrinsiteauation (imaginary
part of the velocity), (5.1) becomes

Qk _3Vp

Qs  4vZ
Hence

p_3V3

2
e S
QX - 4V52QX



Amplitudes of body waves
For a Poisson solid, whefié> = 1/3Vg

@k _3VE_3
Qy 4VZ 4

3_9
17

Exercise 5.9 The complex wave number of a P wave is

Y w _ w[ReVp) —ilm(Vp)
p =

Vr  Re(Vp)+ilm(Vp) RV + IM(Vp)]
Inserting the above equation into (B5.11):

o _ Reh) _ RelVp) _ Relp)
X7 2Im(k) — —2Im(Vp) 2Im(Vp)’

Following the same procedure, we find
_ Re(Vs)
2Im(Vs)

Q% =

]
.

33
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Travel times: observations

Exercise6.1 With 24 bit recording, the dynamic range2&log;, 224 = 144.5 dB.
For paper recording we fin20log,,(50/0.05) = 60 dB. The largest recordable
count is2?* = 1.68 x 107 corresponding to a displacementio68 x 107 /5000 =
3355 pm (3.3 mm).

Exercise 6.2 A period of 24 hours corresponds tal6 x 1075 Hz. If the seismic
spectrum extends to, say, 5 Hz, the spectrum spans more &antdves since
log,(5/1.16 x 10~%) = 18.7. The dynamic range for the displacemeris of the
order of201og,((0.5/5 x 10~Y) = 160 dB. Since velocityi: ~ wu andii ~ w?u,

for very different frequencyw, the dynamic range for velocity and acceleration
must differ from that of displacement.

Exercise 6.3 The bandwidth of the filter ie\f = 0.15 — 0.05 = 0.1 Hz. The
window length of cross-correlation i, = 60 s. The signal to noise ratio is
SNR=4. Then from (B6.8), the Cramér-Rao lower bound egtonas

3(142SNR)  3(1+2x4)

2 2
- - — 036 52.
TCRLB = 3 3GNRZA f3T,, 872 x 42 x 0.1° x 60 i

The standard deviation iscrr,g = 0.60 s.

Exercise 6.4 From the definition (B6.9) obcpg, we havew = 0.1, T, =
10s, odpip = 0.36 5%, S0

odpp = wT2/3 4 (1 —w)odgp = 0.1 x 10%/3 4+ (1 — 0.1) x 0.36 = 3.7 s2.
The standard deviation tgcpg = 1.9 s.

34
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Exercise 6.5 If SNR=20, the Cramér-Rao lower bound estimation is
lpr g = 3(1+ 22SNR) _ 3(1+2x20)
8T2SNR?Af3T,, 812 x 202 x 0.13 x 60
The variance reduces by a factor of 5.5 (and the standaratitmvj now 0.25 s, by
a factor of 2.3) if the SNR increases by a factor of 5.

= 0.065 s2.

Exercise 6.6 If Af = 0.2 Hz, the Cramér-Rao lower bound estimation is
2 ~ 3(1+2SNR) 3(1+2x4)

CRLB = QraGNRZA 3T, 872 x 42 x 0.23 x 60

The variance reduces by a factor of 8 if the bandwidth of therfis doubled.

= 0.045 s°.

Exercise 6.7 InVanDecar and Crosson’s method, the arrival differenAdg; is an
estimate, obtained from locating the time of the maximum in the croggelation
between the seismograms at statioand stationj. Because each such estimate
has a different error\T;;, is not exactly equal td\7;; — ATj;.
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Travel times: interpretation

Exercise 7.1 With four variables, line plots of the delay ratio as a fuantiof
only one of the four (fixing the other three) are not very imfative. Better is to
make contour plots of the ratio as a function of two variabtesset the ratio at a
fixed level and plot a surface in 3D as a function of three \deis. Here we give

a solution with contour plots. It is logical to fix like varils, i.e. eitherR and.S,

or a and\. One would fixR andS when one has an idea where the anomaly is
located with respect to station and source and one wisheady &s resolvability

as a function of its size and the seismic wavelength. Herexid anomaly size

a and the wavelength, and study how resolvability depends on the distances.

Of course, whenever the ratio between the finite-frequerigydand the ray the-
oretical delay as computed from (B7.2) becomes negativegrevgvay beyond the
validity of ray theory, the delay has completely healed a@Bi¢l.2) is not valid. So
we set negative ratios to 0 and obtain the following plots:

500 A=200 km

Receiver distance (km)

0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
Source distance(km) Source distance(km) Source distance(km)

Fig. 7.1. Contour plots of (B7.2) for different(1000, 500, and 200 km from left to right)
and) (200, 200, and 20 km from left to right) as a function®fnds.

36
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Exercise 7.2 It complicates the argument: the surface area under thdesatien
wavelet is zero. Thus, the energy in the crosscorrelatialivided over both earlier
and later times. To resolve the question one may generatetiaedic wavelet(t)
and crosscorrelate it with boti(t) + eii(t — 7) andu(t) — eii(t — 7). This is what
we did to create Figure 7.2: Indeed, the negative reflectamfficient (—¢) gives

Fig. 7.2. From left to right:u(t), @(t), 4(t) and the crosscorrelation with a perturbed
wavefield from a negative (solid line) and positive (dasthiee)lvelocity anomaly.

a shift towards earlier time (dashed line). To create thisctfwe had to choose
e very high. This merely shows that the effects of infinitelyadhpoint scatterers
cannot be well resolved.

Exercise 7.3 For a pulse in a narrow frequency band with dominant frequenc
wo, We can approximaten(w)| ~ é(w — wp), and inserting this into (B7.20) we
obtain
Kp o wpsin(wpAT).

Then the kernel has a maximum at

W AT = 7/2. (7.2)
Sincely = VpTy = Vp2m/wy,

wo = 27Vp/Ao. (7.2)
AT in a medium that is homogeneous everywhere except at X @igad) is:

Tor +Tgs —Trs 2 q2+L2/4_L

AT =
VP VP

(7.3)

Fig. 7.3. A scatterer at point x near the central ray sr in aiomadhat is homogeneous
everywhere except at x.
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Sinceq < L (the scatterer is near the central ray)g? + LT? = %\/1 + 4%22 ~

L (1 + %%2) =L € and (7.3) becomes

AT ~ L _ (7.4)

SO

Since the radius of the first Fresnel zonéis- v/ \oL/2 (see (B2.48)), we have
q="h/V2,

wheregq is the distance from the geometrical ray to the point of maximkernel
value.

Exercise 7.4 A scattered SH wave coming in from the North will be visible on
the EW component of the seismogram and, if it comes in eabygh, will affect
the reading of the SV arrival which is the one appearing os ¢bimponent. From
the right column of Figure B7.10, we see that such a wave cnaviginate from
an incoming SH wave. If the Earth is isotropic and SV and SHehidne same
arrival time, but only the SV component is affected, thislddead to apparent
anisotropy.

Exercise 7.5 For a Ricker wavelet, (B7.30) shows that the kernel is zererwh
AT = 0. This does not say, however, that the doughnut hole existifpossible
waveforms. The arrival time of the maximum is not causal, arsgattered wave
with zero time delay could move the maximum to a differenttirfits waveshape
is not symmetrical around zero (Exercise 7.2).

Picked onset arrival times are sensitive to scatterers emgéometrical ray. This
follows from the fact that the waw&: from a scatterer on the geometrical ray does
change the amplitude of the wave, which means it changesntiesfor the signal

to rise above the noise level (Figure B7.12). Note, howetat,this is an effect on
the error in the observation, not on the arrival time itself.
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Exercise 7.6 DifferentiateQP — QP w.r.t. s:

dQP-QP) dQ dP  dQ - dP
B i Rl R e

Both P, Q andP, Q satisfy the Hamiltonian system of (B3.12). Inserting (B3.1
into the above equation gives

d(QP — QP)
ds

The last step uses the fact thi&t Q, P, Q, V are dlagonal for a spherically
symmetric earth, and hend@P = PP, QVQ = QV Q.

By definition of P, Q, P, Q, there is

~ s [ Q1P - Py 0
@P-QP= < 0 Q2P2 — Q2P ) ' (7.6)

Equation (7.5) implies tha® P — Q P has elements that are independent,afnd
the values of these elements can be obtained from the indgraditions: P; (0) =

Py(0) = 01(0) = Q2(0) = 1, P1(0) = Py(0) = Q1(0) = Q2(0) = 0. Now (7.6)

becomes

= cPP + Q(—%VQ) —cPP — Q(—%VQ) =0-1. (7.5

QP -QP = 0 Q2(0)P2(0) — Q2(0)P»(0) >

10
= <o 1):1. 7.7)

Thus, we have proved the first equality in (B7.32). The prdafie second equality
in (B7.32) is very similar.

< Q1(0)P1(0) — Q1(0)P1(0) 0

Exercise 7.7 In a homogeneous medium, for a poiat= (I, q1, ¢2) in the ray
coordinate system, the ray length|is| = +/I2 + ¢ + ¢5. The travel timeT
satisfies’T = |z|. Sinceg? + ¢5 < 1%, we have

=lzl =P+ +¢ =1 l2
In order to use (B7.33), we need to know every parameter ofethband side of
this equation. The central ray and scattered rays in a honsmges medium are
shown in Figure 7.3. We hasé. = ¢, R,s = L. From (7.8), we have

2 2

_ q _ B q
Razs = l+ 2’ Rar = ( l) + L
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whereq? = ¢} + ¢3. Then

Rrs L
= 2

= = 3 .

V|det(Hys + Hy,)|

Ignoring the terms of? and higher order in the denominator, we get
1 L 111 1 ‘

H,,+Hy,)|=- ——=>|-4—

Exercise 7.8 The Maslov index is equal to the number of dimensions loshiy t
bundle of rays. In a 3-D medium, the maximum possible numblesbdimensions
is 2, i.e. when a 3-D bundle of rays focuses in a single poiher&fore, the possible
values of the Maslov index is: 0 (e.g. P, pP, no caustic);d. @P, SS, at the caustic,
which forms a line for different azimuths); 2 (e.g. PP, PK®R] anultiple surface
reflected waves that focus to a point at the antipode of thecepuThe increase
of the Maslov indexA M can accumulate to a large number as a multiply reflected
ray bundle passes through successive caustics. While tysseem at odds with
the fact thatH is only a2 x 2 matrix so that sigH ) can never exceed2, the
harmonic nature of its effect, e.g. in (B7.28), makes thainglex equal to 3 has
the same effect as an index equal to -1, so thatfigcan still be used even in the
case of multiple caustics.
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Body wave amplitudes: Observation and interpretation

Exercise 8.1

A+6A

T 1 [T 26u(t)
/0 u2(t)dt+Tp/0 ol dit

T L To 950 (t) u(t)dt
l/pu2(t)dt 1+T"f°
0

% Jo P uA(t)de

L P Tou(t)du(t)dt
~“\T ), u(t)?dt <1+—f0Tpu(t)2dt > (8.1)

Exercise 8.2 The attenuation kernel does have a doughnut hole. This is eas
to see from the expression of the attenuation kernel (B8.4#)ch has a sine
dependence on the detour tim&l" as the travel time kernel does. For a scatterer
on the geometrical ray\7 = 0 (assumingA® = 0), soKﬁg = 0, which gives the
doughnut hole of zero sensitivity.

The focusing kernel does not have a doughnut hole. From theession of the
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42 Body wave amplitudes: Observation and interpretation

focusing kernel (B8.8)K{ has a cosine dependence on the detour thife For a
scatterer on the geometrical ray]” = 0 (assumingA® = 0), sng is maximum,

which means that the largest focusing effect on amplituslé&®im scatterers on the
geometrical ray.

Of course, if the Maslov index is equal to 1, the situatiorhis teverse.
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Normal modes

Exercise 9.1 To save on notation we adopt the Einstein summation notaition
which a summation is implied over every index that occurcéan one term, i.e.
a;b; meansy _; a;b;. In Cartesian coordinates:

0 ou
(L’LL,?}) - /V([’u)lvzd r /\/8«Tj (Cijla.Tk) Uzd r
= 9 (. Ou \ g - Ouy Ovf
= /‘/81’]- <czjkl 8xkvi> d’r /Vcwkzaxk 8xjd r. (9.1

Apply Gauss’s theorem to the first term on the right hand sfd8.4):

0 ,.8ul* 3., Uﬁul*'Q
/Vaxj (c”klaxkvi> d r—/scwklaggkvi nidr, (9.2)

whereV is the Earth and its surface, aneh is a unit normal vector of. Notice
thato;; = c,»jklgT“i, and the tractiorF on S'is F; = o;;n;, S0 (9.2) becomes

/ 9 <cijkl%v;‘> dr = / aijv;‘nder = / Fiv;‘dzr =0,
v 0 Oy, s s

becauseés is a free surface on which' = 0. Substituting this into (9.1), we get

. Ouy 0v; 5
(Lu,v) = /V Cijhi g, axjd r (9.3)
Similarly,
* 0 ovF

0 avl* ou,; OvF
= | Ll b — | e 2l . (9.4
/V 0 <c”’““ 8$k> " /Vcﬂklaxj o, 07 4
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44 Normal modes

Apply Gauss's theorem to the first term on the right hand sid8.4):

0 ovy ovf
— | cpiui—L ) dPr = Ui —m o 9.5
/v@xj (cwklu 8xk> T /Sc]k.lu 8xknj r (9.5)

Again because of the zero traction on the boundsary

0 ovy
et ) B :/ oF .02 :/ Frdir =0.
/val"j (Czjkluz&xk> r SUZUUnJ r Su 9T

Substituting this into (9.4), we get

o - Ou; 81)1* 3 8’LLZ 8?)? 3
(u,,Cv) = /Vc”kla%j ade T = /Vclkﬂaxj aijd T, (96)

the last step uses the symmetry properties of the elastsoten;;,; = cui; =
cji- Because, j, k, [in (9.6) are dummy subscripts, we can rearrange them
(l—i, k—j, j—k, i—1),and (9.6) becomes

Ouy Ov’
(u, Lv) :—/ cijkl—l L
|4

al‘k al‘j

d*r. (9.7)

Compare (9.3) and (9.7), we get
(Lu,v) = (u, Lv),
which establishes thdt is Hermitian.

Exercise 9.2 From (B9.11): (up, Luy) = (Luy,uq). Using (B9.1) without a
force (such that it is a free oscillation ands an eigenfrequency):

(wg) (up, pug) = wp (pttp, uq).

Sincep is real, (u,, puy) = (pup, uy). The above equation becomes

[w;% - (wg)*](up,puq) =0.

If w, # wy, then it must be thatu,, pu,) = 0, i.e. eigenvectors belonging to
different eigenvalues are orthogonal.ulf = wy, then(u,, pu,) = |u,|? # 0, so

(w2)* = w2, i.e.w? must be real.

Exercise 9.3 Working out the variations and collecting terms witip, §Vg and
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dp gives
Kok + K, 0p + K;,5p
4 8
= K. [5p(V8 = 3V3) - gpvsavs + 2pVpdVp)
+ K ,[2pVs6Vs + VEdp)
+ K/’)ép
= 2pVpK,6Vp

4
+2pVs (K, — gKK)évs
4
+ (V8 = 3VE) K + VEK, + Kop,
which equals the conversion factors in Table B9.2 becglige- V&) = r/p.

Exercise 9.4 Since the angular order= 0 gives the case for spherical symmetry
(remember that the azimuthal orden| < s so thatm = 0), one expects that
the kernels reduce to the partial derivatives known fromsibigerically symmetric
case.

Exercise 9.5 Starting from the right hand side:
. 1
(e Hy = (I —itH + 5(175)2112 N

. 1.
= S — Hmim + §(lt)2 zk: HypweHim — ...

We may replace,,., by >_; Z,;Z,,; because of the orthogonality (B9.22). In-

serting the expression for the elementsrdf

(e—itH)m/m

— Z[Zm,jzgj — Ut Zr j0w; Ly + %(it)Q Z Loyt j0w; L35 ZiOwi s — -]
J ik

= Z[Zm,jz;bj — it Zpy j0w; 2 + %(it)Q Z Dt j0w;8:50w; Z — ...]
J 7

= Z Zrj[1 — itdw; + %(it)Qéwf —..)Z%;
J

_ 2 : * _—idw;t
= Zm]e J Zm/]
J
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Exercise 9.6 With P = exp[iétH| and using a Taylor expansion:
PZ =7 - itHZ + (i6t)*H*Z — ...
=Z —iStZQ + (i6t)*ZQ* — ...
= Z[I —i5tQ + (i0t)*Q? — ..]
= Z exp[—idtQ].
ThenD = Z ' PZ = exp|-ift).
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Surface wave interpretation: ray theory

Exercise 10.1 The phase velocity’, (w) = w/k,(w) = ¢,. Takingk as the
independent variable, we get,(k) = c¢,k. Then the group velocity, (k) =
dw,(k)/dk = ¢,. Hence, if there is no dispersion, the group velocity and the
phase velocity are the same, and both are independent oieiney,

Exercise 10.2 If the phase velocity satisfies

w a
then
dkp(w) = 20 cow?  w(cw + 2a)
dv  cwta (cowt+a)? (cwt+a)?’

Takingk as the independent variable, we get the group velocity

dw (dk)l_ (cow + a)?

Un:&: dw ~ w(cow + 2a)°

In order to compare the phase velocity and the group veloesitytake their ratio

Uy
U _cwta , @ (10.2)
Cn cow+2a cow + 2a

Sincea > 0 (see the slope in Figure B10.3), (10.2) indicates thatC,, < 1, i.e.
u, < Cy,.

In Figure B10.3, for the first higher mode near a peribdbf 50 s,C,, =~ 5.0
km/s, the slope d,,/dT" ~ 0.015 km/s2, the intercept is about 4.3 km/s, and
w=27/T =~ 0.1257 rad/s. Then in (10.1):

dc, dc,

a=—— =27

— =2 0.015 =~ 0.094 k dcg=4.3k .
ad) ar T X m/s, and ¢y m/s
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48 Surface wave interpretation: ray theory
Substituting all these numbers into (10.2), we get

Un 0.094
n_q1 - ~ 0.871
Cy 4.3 x 0.1257 + 2 x 0.094 ’

and the group velocity,, =~ 0.871C,, ~ 0.871 x 5.0 =~ 4.4 km/s.

Exercise 10.3 For body waves, the ray parameter= rsini/v. For an SSSS
wave,p; = r1/v1, if point 1 is the bottoming pointi{ = 90°) of the S leg in the
mantle. For an ScS wavey = 7, siniy /v, taking point 2 the reflecting point at
the core-mantle boundary. It's obvious that > ro, v1 < va, i1 = 90° > io,
sop; > po. The equivalent phase velocify, of these body waves is related o
throughp = a/C,,, wherea is the radius of the earth. Thus we haVg, < C),,
i.e. the ScS wave has the higher equivalent phase velocity.

The equivalent group velocity of a body wave can be writterifas= aA/T,
wherea is the radius of the earth) is the epicentral distance in radidh,is the
actual travel time of wave energy, i.e. the travel time ofltbdy wave. Depending
on the epicentral distanc®, the SSSS wave may arrive earlier (at close distance)
or later than the ScS wave, and thus may have a higher or lowapgelocity.

Exercise 10.4 The body wave phase velocity (apparent veloaity)and the body
wave group velocity; are related by (B10.9):

a
C’n(w) = —VS(Tb).
Tp
Sincea =6371 km (the earth’s radius);, =5961 km (the radius of the 410 km
discontinuity), and/;(r;) = 5.08 km/s:
Cp, = 5.08 x 6371/5961 =~ 5.43 km/s.

For a phase velocity’, less than 5.43 km/s the surface wave modes will become
evanescent below 410 km depth.

Form Figure B10.3 we see that both the first higher Rayleighlaove mode be-
come evanescent at a period of about 70 s, but very high mades §) remain
oscillatory even at a period of 10 s. From Figure B6.8 thismsastly a low noise
region on Earth.

Exercise 10.5 Expandingg;(r) in terms of the basi$gy(r)} fork =1,..., M:

M
gi(r) = aingk(r). (10.3)
k=1

In order to determine the coefficients,, substitute (10.3) into the orthogonality
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condition
a
| a0 -gj0r =55,
0

and switch the order of integral and sum, we get

M a
Z aik/ gk(r) . gj (T)dT = 5”
k=1 0

This can be written as
M
Z aikaj = (52']'7 (104)
k=1
whereGy; = [ g (r) - g;(r)dr. For each fixed, (10.4) can be written as
Ga =d, (10.5)

whereG = {Gj;} = {Gi;}, a = (an, a2, ain)t o d = (81,62, , 6inr) ™.
Solving (10.5) for eachi gives the coefficients,;, and by (10.3), the dual basis
gi(r).
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Surface waves: Finite frequency theory

Exercise 11.1 Let ug be the unperturbed wave with zero phase, and the corre-
sponding perturbation i&ug. If the unperturbed wave has a nonzero phageve

can view this as a time shift, which is the same for both unpked wave and the
perturbation. We therefore write = uge'?® anddu = duge!?. Insertu anddu

into (B11.2) and (B11.3):

B ou, Sugel?o B dug
d0p = Im(;) = Im( o) = Im( ” ).
ou Sugel?o dug
InA=Reg—)=R : = Re(—).
$In4 = (™) = Re(S50) = Re(S)

Therefore, (B11.2) and (B11.3) remain correct fowith nonzero phase.

Exercise 11.2 The boxcar window is

1 i —T/2<t<T)2
w(t) = { 0 otherwise '

Its spectrum is

+o0 ) T/2 . .
W(w) = / ’U)(t)elwtdt — / elwtdt — i (e1wt/2 . eﬂwt/Q)

—o0 -T/2 w

2 T . T
— ZginY" = Tsinc( X5 , (11.2)
w 2 2

where sin¢zx) = sin(x)/z. Its power spectrum is
. T
Pw) = [W(w)|? = Tsin@ (%) .
The first column of Figure 11.1 plots(¢), W (w) and P(w) of a boxcar window.

50
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boxcar cosine taper

0
-T2 0 T2 -T2 0 T2

—
=
N

spectrum
spectrum

o
o

2T ATUT 61T 2T AT 61T

o
o

(] w
2|
.
5 5
3] 3]
& &
5 5
2
g 5 T4
0 0
0 2WT  4mWT  6mT 0 2T 4mWT  6mT
w w

Fig. 11.1. Time series, spectrum, and power spectrum of @doxindow (left) and a
cosine taper (right).

Exercise 11.3 A cosine taper betweenT'/2 <t < T'/2 is given by

w(t) = {

Its spectrum is

<I—COSMTT/2)) if —T/2<t<T/2

S Nl

otherwise

Ww) = /+OO w(t)e™tdt = /T/2 1 (1 — cos M) et

—00 -T/2 T
T/2 T/2 .
2 J 12 2 J 12 T
T . T 1
= Esmc(T) - 5[. (11.2)

In the last step, we use (11.1) to get the first term in (11.2)wMe compute the



52 Surface waves: Finite frequency theory

second integral in (11.2):

T/2 .

—T/2 T
1 (T2 ot +T/2) .
= — cos 7'('( + /)d(elwt)
w J 7/ T
|72 T2 on(t+T/2) |
— i cos 27T(t+T/2)e1wt _2_7T/ sin 7T( + /)elwtdt
1w T 7T/2 T —T/2 T
1| i .w 2 T2 on(t+1T/2) .,
= — [elTT — e_lTT — —7T / Sin Md(elwt)
1w IUJT —T/2 T
2 2 ot +T/2) ;|77
= —sin(wT/2) + " |sin m(t+ T/ )elwt
w Tw? T 72

or (T2 op(t+T/2) |
T ) T

. wT 2\ 2
= Tsinc|{ — —_— I.

Solving the above equation for the integfagives

I = wT? sinc wT
C w2T? — 472 2 )

Inserting this into (11.2), we get the spectrum of the cosiper

W( )—Tsinc wT 1 w7 sinc W 2T sinc wT
W= 2 ) 2212 — an? 2 ) T 4x2 — 272 2 )

The power spectrum of the cosine taper is
At T? wT
_ 2 _ i
Pw)=|W(w)|* = 12 —w2T28mC< 5 > .

The second column of 11.1 plots(t), W (w) and P(w) of the cosine taper.

Comparison of the spectra of the two windows shows that tixedrovindow has
a narrower peak (more delta-function shaped), but larggglsbes spreading a
broader range of frequencies. On the other hand, the cospered window has
very small sidelobes at the expense of a somewhat broadiakpeak.
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Model parametrization

Exercise 12.1 We know that the radial functions are orthogonal:
| onsotrrdr = s, (12.1
and the angular functions are orthogonal:
/0 ’ XM(0) X} (6) sin 0d9 = %5”/. (12.2)

The orthogonal condition of basis functiohg,,, (r, 6, ¢) is

a T 27
I = / / / hk;lm(Ty 0, gf))hk/l/m/(?”, 0, ¢)T2 sin erdedqb = 5kk"5ll’5mm’ .
000 (12.3)
Rewrite (B12.3) as
T (r,0,8) = fi(r) X" (0) @, (), (12.4)

where
V2 cos meo —1<m<Q0
D, (0) = { 1 m=0 i (12.5)
V2 sin meo 0<m<lI
Insert (12.4) into (12.3) and apply (12.1)-(12.2):
a T 27 \m\ |m
1= [ [ aoxiem.enex)

'l

(0) D,/ (¢)r? sin Odrddde

a T , 27

_ / Fe(r) fio (r)r2dlr / X/ (6)X ™) (6) sin 6 / B () ()6
0 0 0

1 27
= Glig- /0 Dy (6) By ()0 (12.6)
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54 Model parametrization
Comparison of (12.6) and (12.3) shows that we only need teepro

1 2

I D1 (9) P (¢)dp = Ory - (12.7)

Since (12.5) shows thdt,, (¢) has different expressions depending on the value of
m, we shall prove (12.7) for each combination separatelyoAlstice thatm and
m’ are symmetric in (12.7).

i) m=m'=0

27

I I1x1xdp=1=06m.

(i) m=0, =1 <m/<0(r—I<m<0, m'=0)

1 27

I 2cosm'¢pdp =0 = §p.

@iy m=0,0<m' <l(or0<m<1l, m =0)

1 2

I 2sinm/¢ dp = 0 = &,

:%O

(V) —l<m<0, —1<m <0

1 2

L = — 2 cos m/2 cos m/ pde
2 0

1 2

= — [cos(m + m')¢ + cos(m — m/)¢]|d¢
27 0

1 27 ,
= %), cos(m — m')pde.
If m =m'

1 2

Li=— [ dp=1=3d,..
27T0

If m #m/

2
=0 =y
0

Il = m Sin(m — m/)qb
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V) —I1<m<0,0<m' <l(or0<m<I, -1 <m' <0)

2m
L, = 1 2 cos mpV/2 sin m’ ¢pde
2 0
1 2m
= — [sin(m + m’)¢ — sin(m — m')p|de
2 0
= L[ costmt o+ cos(m — )] (sincem # )
= o | gy COStm A m ———jcos(m—m )
= 0= "0mm-
Vi) 0o<m<Il,0<m' <l
1 2
L = — 2 sin mgv/2 sin m’ ¢dg
2T 0
1 27
= — [— cos(m 4+ m')¢ + cos(m — m')¢]de
2T 0
1 27
= — cos(m — m’)pde
2T 0
= 6mm"

The last step uses the result in 4.

Thus, we have proved (12.7). Inserting (12.7) into (12.8¢gi(12.3), i.e. the basis
defined by (B12.2) is orthogonal.

Exercise 12.2 The basisi(r) is orthogonal means
/ hk(’l‘)hl(’l’)dg’l’ = (Sk:b (128)
v

whereV is the volume over which the basis is defined. Expand the made)
into the basig (r):

r)= Zakhk(r). (12.9)
k
Multiply both sides of (12.9) by, (r) and integrate ovey:

/m Vg (v /(Zakhk > T—Zak/hk Yhy(r

Using the orthogonal condition (12.8), we get

/ m(r)hy(r)dPr = Zakékl = ay.
v k
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Exercise 12.3 For an arbitrary corner of the rectangular b@x, ¥, z,), (B12.7)
becomes

m(Z1, Ym, 2n) =
2

> mermora) (1 E2) (1l ()l
6,5,k=1 T2 — 11 Y2 — 1 Z9 — 21
(12.10)

Whenever indices in the numerators are unequal, both ntonerad denominator
are equal to the length of the box. Therefore, the only nangemm in this sum
occurs when = [, j = m, k = n, so that

m(ajl»ymazn) = m(xlaymyzn) Xx1x1x1= m(xlaymazn)-

Therefore, the interpolated value of any corner equals fisggaed value of that
corner.

Exercise 12.4 The penalty function is (B12.10):

ey y Gl

i=1 jeN; ]

whereL;; = /(z; — x;)% + (vi — yj)? + (z; — 2;)? and thd;; are given.E sums

over all natural neighbours of node on the other hand, nodeis the natural

neighbour for anyj € A;. Therefore, every node paft, j) appears twice in the
sum:

9E  _ 2 o Z (Lj — lij)” lij)? —4 Z ijlz lkj OLy;

= - 2
oxy, oxy P lkj P oxy
Lk'—lk' 12(.1‘k—.1") lk' T — T4
oy Bl ) s () Y
JENG, ks 2 L FEN Lis Lk

Exercise 12.5 The excess topography is given by
to(0) = —%Pg(coso). (12.11)

We recognize
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Sincet.(#) has only one nonzero harmonic term, withl(cos ), the only nonzero
coefficient isagy. We use the expression in Section B12.4 and the orthogprulit

X
2 (573 2 (52
2 u 2
a0 = —27T§€ (E) /0 XSXS sin 8dd = —56 <E> .
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Common corrections

Exercise 13.1 If p(A) is the slowness of the wave arriving at distarce

T(A) =T(A) — p(A)A, (13.1)
with
p(A) = dj(;(AA). (13.2)

Differentiate (13.1) w.r.tA:

dr dT dp ., dp

aa ~da P gt T TS
where the last step uses (13.2). Then

dr _drdA  dp dA——A.

SinceA > 0, the intercept time is a monotonically decreasing function jaf

Exercise 13.2 In local problems, we use the Cartesian coordinates. Then
sini/c and the epicentral distance is measuredXbydimension of length). In
Figure B13.5, sea level = a corresponds ta = 0 in the Cartesian coordinates,
andr = a + h corresponds te = h. Similar to the spherical case, we have

b dz
5t(p:constant) = 2/0

¢ cosi’

5X:2/ tanidz:2/ sz, dz.
0 0 Cosi

58
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Then

h ..
57_ — 6t(AzconSt&Ht) = 5t(p:constant) — péX = 2A < 1 - pSlIlZ) dZ-

cCcost COS 1

Usingp = sini/c, we get
5722/}1(1_511121') dZ'ZQ/hCOSidZZQ/h_
0 C C COS 17 0 C 0

Exercise 13.3 Inaspherical eartty = rsini/c, cosi = /1 —sin?i = /1 — p2c2/r2.

Then (B13.5) can be written as

a+h . a+h . a+h .
cos i COS 11 COS 19
722/ dr:/ d’r—l—/ dr,
a c a 1 a C2

where the first integral is for the incoming wave, and the sdcimtegral is for
the reflected wave. Straight rays imply that the velocities:» and the incidence
anglesiy, io are constants, so

; a+h . a+h . .
o coszl/ dT+COSZ2/ dT:h<coszl +COSZ2>. (13.3)

C1 C2 C1 C2

This topographic correction conforms to (B13.3). Becauseréace reflection is
always an underside reflection, there is only a positive Bidt.3.3), though: can
be either positive or negative.
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Linear inversion

Exercise 14.1 With univariant datad4; = 1), the expression fog? is
N [ M 2
i=1 \j=1

To minimize (14.1), all derivatives with respect o, (k = 1, ..., M) should be
zero:

The matrix form of the last equation is (after dividing by 2):

ATAm — ATd = 0.

Exercise 14.2 Because no inverse foA” exists, the linear equationd”z = 0
have non-zero solutions.

Exercise 14.3 From (B14.12):
vTAT = AUT.
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Multiply on the right byU':
VTATU = AU'U.
Apply (B14.11) and the orthonormality f:
VIVA=A=AU"U,

from which it immediately follows that th&,; are orthonormal if\; # 0. For zero
eigenvalues the normalization of is arbitrary. We can set the length to 1 without
affecting (B14.11) in any way.

Exercise 14.4 Taking the transpose of (B14.14):
AT = Ve A UL,
and inserting this into (B14.7):
m = VkAZLVEATd = Vk AP VEVEAKULd
= VkARPAULd = VAL ULd.

Exercise 145 The normal equations for (B14.15) are found by multiplyied; |
and right with the transpose of the matrix:

(Aot (4

Multiplying the matrices:
(ATA+EDm = ATd.

Exercise 14.6 In the L-curve (Fig. B14.2), the rightmost point has the dasl
x? and the largesim/|, so this is where,, = 0. The intercept with the vertical axis
has the largest? and the smallesin|, so this is where,, — oco.
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Resolution and error analysis

Exercise 15.1 Because such an arbitrarily scaled model does not satisfiyrtbar
system

Am =d.
The fact that we increase the estimate of the model varianes dot make up
for the fact that we do not guarantee that the scaled modefisatthe data at an
acceptablec? level.
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Anisotropy

Exercise 16.1 Expression (B16.1) gives the Voight matrix for isotropidids:

A2 A A O 0 0
A A2 A O 0 0
A X A+20 0 0 0
0 0 0 g0 0
0 0 0 0 u 0
0 0 0 0 0 u

The first three rows/columns involve the combinatians yy andzz. Exchange
of x andy, for example, leaves the diagonal and off-diagonal elemtém@ same,
and so for other exchanges. For the pagitrscz andzy in columns 4,5,6, exchange
results in exchange of diagonal elements that are all equal so there is no
change in the Voight matrix.

Exercise 16.2 For hexagonal symmetry we have:

A A—2N F 0 0 0
A—2N A F 0 0 0
F F C 0 0 0
0 0 0 L 0 0
0 0 0 0 L 0
0 0 0 0 0 N

As long as we leave the-axis untouched, the third and sixth row and column do
not change. The symmetry in the other rows/columns is asiptévious exercise,
S0 again the matrix is invariant.
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